NORTH SYDNEY GIRLS HIGH SCHOOL
HSC Mathematics Extension 2

Assessment Task 3 Term2 2013

Name: Mathematics Class: 12MZ_

Student Number:

Time Allowed: 60 minutes + 2 minutes reading time

Available Marks: 47

Instructions:

e Questions are not of equal value.

Start each question in a new booklet.

Show all necessary working.

Do not work in columns.,

Marks may be deducted for incomplete or poorly arranged work.

147




Section I: Multiple Choice

5 marks
Attempt all questions.
Answer on the multiple choice answer sheet provided for Section I.

1. In evaluating the integral j f (x)dx, the substitution t =tan2x is made.

Which of the following is the correct expression for dx ?

8dt 2dt
A dx = B dx =
dt dt
C dx = D dx =
© 1+12 () 2(1+t2)
2. Four students come up with the following four answers to the same indefinite integral .

Given that three of the answers are correct, which is the incorrect answer?

(A)  2cos’x+c (B) -2sin’x+c
(C)  cos2x+c (D) -sn2x+c
3. The semi-vertical angle of ahollow coneis 40°. The coneisdliced at an angle of 50° to the base,

so that the sliceincludesthe triangle ABE .

NOT TO SCALE

What is the shape of the cross-section formed?
(A) Circle (B) Ellipse

(©  Hyperbola (D)  Parabola



The equation |x—2|+|x+2 =6 correspondsto an ellipse in the Argand diagram.
What is the length of the semi-minor axis of this ellipse?

(A) 3 B) 5
(€ 13 (D) 6

A conic curve (either an ellipse or a hyperbola) is centred on the origin. A focusis located

at (4,0), one of itsdirectricesis x =9 and the point (-6, 0) lies on the curve.

What is the eccentricity of this conic?

wIiN

® ®)

3
(B) 5 (D) 2



Section 11

Attempt all questions.
Answer each question in a separate writing bookl et.
Y our responses should include relevant mathematical reasong and/or calculations.

Question 6 (14 marks)
(@ Find I 2Xy/2x -3 dx.

. ) 8 . A Bx+C
b [ Write intheform ——+
by (x+2)(x2+4) X+2 XxX2+4

2

8dx
o (x+2)(x2 +4)

(i) Henceevauate j

(© Find j &
(4

1

(d) Evauate J‘ * sint xdx

0



Question 7 (14 marks)
(@ Consider the elipse 12x* +16y* =192.

(i)  Find the eccentricity of thisellipse.

(i) Draw aneat sketch of this ellipse, showing the coordinates of the vertices and
the foci, and the equations of the directrices.

(iii) Derive the equation of the tangent to the ellipse at the point P(2, 3).

(iv) Consider thetriangle PBS’, where B isthe y intercept of this tangent
and S’ isthe focus furthest from P . Find the area of thistriangle.

(b) P[Zp, EJ isapoint on the hyperbola xy = 4.
p

i ow that the equation of thenormal at P is y = p°x—2p°+—.
(i)  Show that th ion of th a i 2 _2p° 12
Y

(i)  Find the coordinates of the midpoint M of PQ, where Q isthe point where
thenormal at P meetsthe x-axis.

(iif) Hence find the equation of thelocusof M as P moves on the hyperbola.



Question 8 (14 marks)

(@ (i) Show that the equation of the tangent to the hyperbola x* — y* = 4 at the point
P(2sech, 2tand) is xsecOd - ytanf = 2.

(i)  Show that this tangent intersects the asymptotes of the hyperbola at the points
A( 2cosé 20030] and B( 2cos6 —20056?)'

1-sind’ 1-sin® 1+sind’ 1+sind

(iii) Hencefind theratio PA: PB asanumber that isindependent of 4.

T

(b) Let Inzj'zcos”xdx,where n>2.

0

(i)  Show that '”:nT_l'“'

(i)  Show that for any continuous function f(x),j f(x)dx:J‘ f(a—x)dx.

(iii) By first considering I i xsin® xdx , use parts (i) and (ii) to evaluate
0

J-Zx(sin6x+cos"3 x)dx.

0

End of paper



Extension 2 Assessment 3 2013 — Solutions

Section |
1. D t =tan2x
x=Ltant
2
dx — dt
2(1+t%)
2. D di(ZCOS X) = 4c0sX-(—SinX) = —4sin XCOSX = —2siN 2X
X
di( 2sin’ x) = —4sinx- CosX = ~4siN X COSX = —2sin 2x
X
di(COSZX) =-2sin2x
di( sin2x) = —2cos2x
3. D Through simple geometrical arguments, OE || DF , so it isaparabola.
4. B The equation correspondsto PS + PS'=2a (property of an ellipse) where a isthe
semi-major axis, S and S' arethefoci, and P isan arbitrary point on the ellipse.
P
3
S, S
K
Using Pythagoras , OP =+/5
5 B

I
Z

i N
v

b
I
©






Section 11

Question 6

@ FindJ.ZX\/Zx—de.

1
J-Zx\/Zx 3dx = I(u+3) u2- % u Letu=2x-3 = 2x=u+3

du = 2dx = dx:ldu
[ uz+3u? |du 2

)
( e

= £(2x-3) +(2x-3)2 4

OR
J-2x\/2x—3dx=J-(u2+3)-u-udu Let u?=2x-3 = 2x=u’+3
2udu = 2dx = dx=udu
:j(u4+3u2)du
NI
5
1 ) 3
=€(2x—3)2 +(2x-3)2+c
) ) 8 ) A Bx+C
b i Write inthe form ——+
(b)) (x+2)(x2+4) X+2 X+4
Lot 8 A Bx+C

(x+2)(x*+4) x+2 X+4
8=A(x*+4)+(Bx+C)(x+2)
(X=—2) 8=8A = A=1
(x=0) 8=4A+2C = 8=4+2C = C=2
(X=1) 8=5A+3B+3C = 8=5+3B+6 = B=-1
8 1 —X+2
(x+2)(x2+4)= x+2+ X +4




? 8dx
(i) Henceevaluatej -
0 (x+2)(x +4)

= -t dx
o (x+2)(x*+4) Jo\x+2 xX*+4 x*+4

2
=[|n(x+2)—%ln(x2+4)+tan1%}

0

=(|n4—1|n8+5j—(|n 2—1In4+0j
2 "4 2

—2In2-3In2+ E21n2+1n2
2 "4
£+3m2
4 2
© Findj x_
(4
o
j dx - Zcosede3 Let x=2sn0
(4—x2)5 o (4—4sin26)5 dx = 2cos0do
3 .2cosede
| 8cos’e
[
=Ejseczed9
4 2
:ltan9+c X
4
- X :
2
44— X2 o
OR
1 1
I(4—x2) 2dx=J‘(4—x2) 2 —X(x)dx
—x(4—x? % 1 4 _g 2x)d
_X( —X) — X—E( _X) ( X)
X 3
_ — J‘ (4 x)zdx
X 3
_ _"‘[4(4x)](4x)dx
2(x = (4 x)zdx+ ( 2 dx




1

(d) Evaluate J- * sint xdx

0

1 1

%
e |
.
>

AR
>
o
3
1l
%
°© N
.
o
AR
>
1
>
A ——
o
3

OR

y=sin"'x
OR
X=8ny

ola

v

N

1

j * sin* xdx = Areaof solid region
0

= Area of rectangle — Area of hashed region

T

1z gsinydy
2 6 o



Question 7

(@ Consider theelipse 12x* +16y* =192.

(i)  Find the eccentricity of thisellipse.

12x% +16y* =192
2 2
(+192) L+L
16 12
b* =a’(1-¢?)
12=16(1-¢*)

1-e2=3

e’==

4
1
4
1
e==
2

(i) Draw aneat sketch of this ellipse, showing the coordinates of the vertices and
the foci, and the equations of the directrices.

ae:4><%:2 = $(x20)

Ezizs = directrices. x =18

e 1/2
Ly X=8 !
 X=-8 B(0, 2/3) |
A (—4,0) AGO |

B'(0, -2V3)



(iii) Derivethe equation of the tangent to the ellipse at the point P(2, 3) : 2

12x* +16y* =192
24x+ 32y - dy =0
dx

dy_ 3

dx 4y

At P(2,3), mT:—%

Tangent: y—3=—%(x—2)

2y—6=—Xx+2
X+2y-8=0

(iv) Theverticesof atriangleare P ; B, the y intercept of thistangent; and S’ the 3
focus furthest from P . Find the area of this triangle.

P(2,3)

s'(-2,0) N

B(0, 4)
. PB=+5

1(-2)+2(0)-8
Perpendicular distancefrom S’ to PB: d =‘ (=2)+2(0) ‘

12 4 22

&8

" AreaAPBS’:%x 5><E

J5
Area =5 units?




(b) P(Zp, Ej isapoint on the hyperbola xy = 4.
P

i ow that the equation of thenormal at P is y = p°x—2p°+—.
(i)  Show that th ion of th a i 2 23§

X=2p y:E
& dy p2
do > __ <
P dp p’

dy _dy dp

dx dp dt

2

__F_Z

4

RS

mN:p2

Normal: y—E: p*(x-2p)
p
— pZX_2p3
y=px-2p°+ 2
p

(i)  Find the coordinates of the midpoint M of PQ, where Q isthe point where
the normal at P meetsthe x-axis.

3

x-intercepts (y=0): p°’x=2p°-—

(o33 - (o)

(iii) Hencefind the equation of thelocusof M as P moves on the hyperbola.

1
y=- = p=<
p
1
X=2p——
p3



Question 8

(@ (i) Show that the equation of the tangent to the hyperbola x* — y? = 4 at the point
P(2sech, 2tan6) is xsecH - ytan0 = 2.

X =2sech y =2tan0
%:ZSecetane ﬂ=23ecze
do do

dy _dy dob
dx do dt
_ 2sec’0
2secOtan®
_ secO
tano
Tangent: y—2tan0 =£e(x—2%c6)
tan©

ytan0—2tan’ 0 = xsecH — 2sec’ 0
XsecH—y tan 0 = 2(sec’ 0 —tan* 0)

XsecH—-ytanf =2

(i)  Show that this tangent intersects the asymptotes of the hyperbola at the points
A( 2c0s0 Zcosej and B( 2c0s0 —20089)

1-sin®’ 1-sin® 1+sin0’ 1+sin®

Asymptotes: y=1X
xsecO—(£x)tan® =2
X(secOFtanf)=2
2 coso
X = X
secOxtan® cosO
_ 2c0s0
1¥sino
N 2(:939
1¥sno

e A 2cosO  2coso B 2cosO —-2coso
' 1-sin6’ 1-sin6)’ 1+sin®’ 1+sin6



(iif) Hencefind theratio PA: PB asanumber that isindependent of 6.

v

%:% (paréllel lines preserveratio)
7 coso

ane A0 (1 6no)(1+sino)

_Ztane+zcose " (1-sin6)(1+sin0)
1+sin6
_ (1+sin6)[ cosb-tanO(1-sin) ] , coso

1-sin® [tane 1+sino +cos@] cos0

(cosze sin0+sin’ 6)

)

)

1+sin0)

1-sin0)(sin+sin® 0 +cos’ 0)
)
)

-
(
( (
_ (1+sin6)(1-sin6)
- (
=1

1-sin6)(1+sino)

ie. PA:PB=1:1




(b) Letl, :J' 2cos”xdx,where n>2.
0

() Show that '”:nT_ll”‘z' 3

| = cos’ x dx

=1 cos"*x-cosx-dx

=| cos"x-d(sinx)

T

[cos“‘lx-sinx]oE - sznx-d (cos™ x)
0

i
2

=0-0 - I sinx-(n—-1)cos™* x-(—sinx)-dx
=(n-1)| cos"?*x-sin®x-dx

=(n-1)| "cos"? x-(l— cos? x)-dx

T

=(n-1) cos"? xdx—(n—l).[ 2cos” X dx

J 0 0

Il
—
5
|
N
-

iR
|
—_
>
|
N
-

n-1
| =——I
n n n-1
(i)  Show that for any continuous function f(x),j f(x)dx=j f(a—x)dx. 1
0 0
a e 0
j f(x)dx=| f(a-u)-(—du) Let x=a-u
0 Ja dx =—du
=| f(a-u)du (x=0) u=a
o0 (X:a) U:O
=| f(a—x)dx (indef integindept of choice of var)
v 0




(iii) By first considering J- ’

0

0

xsin® xdx , use parts (i) and (ii) to evaluate 3

E
jzx(§n6x+msﬁx)dx.

—xjsinﬁ(g—xjdx (from part i)

- xj cos® x dx

6 2 6
cos’ X dx — X cos’ x dx
0

Ll
T 2

E : 6 2 6 6
Xsin® xdx + X COS xdx:z cos’ X dx
0 0

0

g

2 2
I,=] cos”xdx

0

(1+ cos2x) dx

Il
N
".
e Nl a

_TE

T4
3, 3
‘4% 16
o2, Lo
® 6* 96

o
N A

x(sin6 X + cos® x)dx =

v 0

J‘ 2x(sin6 X +cos® x)dx:gl6 (where|, isdefined asin part i)

1572
192
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